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　　Abstract　　The w ell-posedness of the Cauchy problem s to the Korteweg-de Vries-Benjamin-Ono equation and Hirota equation is

considered.For the Korteweg-de Vries-Benjamin-Ono equat ion , local result is establi shed for data in Hs(R) s≥-
1
8
.Moreover , the

global well-posedness for data in L 2(R)can be obtained.For Hirota equation , local result is established for initial data in Hs s≥
1
4
.

In addition , the local solution is proved to be global in Hs(s≥1)if the initial data are in Hs(s≥1)by energy inequality and the generaliza-

t ion of the t rilinear estim ates associated wi th the Fourier restrict ion norm method.

　　Keywords:　Korteweg-de Vries-Benjamin-Ono equation , Hirota equation , the Fourier restriction norm , low regularity data.

1　Introduction

We investigate the existence and uniqueness of

the solut ions to the Cauchy problems of the follow ing

nonlinear dispersive equations

 tu +αH( 
2
xu)+β 

3
xu + x(u

2)=0 , (1)

 tu +iα 
2
xu +β 

3
xu +γ x(|u|2u)=0 , (2)

respectively w ith the initial value

u(x ,0)=φ(x)∈ H
s , (3)

where x ∈ R , t ∈ R .β , α, γare real constants.
P .V .deno tes the Cauchy principal value , Hdeno tes
the Hilbert transform

Hf(x)=P .V .
1
π∫f(x -y)

y
dy .

Korteweg-de Vries-Benjamin-Ono equation mod-
els the undirectional propagation of long w aves in a

tw o-fluid sy stem , where the lower fluid w ith g reater
densi ty is infini tely deep and the interface is subject to

capillarity.It w as derived by Benjamin in the study
on g ravity-capillary surface w aves of solitary type on
deep w ater.Several ef forts are devoted to study of

existence , stability and asymptotic of solitary waves
solut ions of(1)～ (3), see for instance in Refs.[ 1 ,
2] .Linares[ 3] show ed that there exist unique local

and global solutions fo r the Cauchy problem of(1)～

(3)fo r initial data in L
2 with constant coefficients

α·β>0.In this paper , we are only interested in the
study of w ell-posedness for the Cauchy problem w ith

low regularity data here.We w ill prove that the

Cauchy problem of (1)～ (3)is locally well-posed in

H
s -

1
8
≤s and globally w ell-posed in L

2 w ithout

the condi tion α·β>0 by using the Fourier rest rict ion
no rm method and the contraction mapping principle.
The Fourier rest rict ion norm method w as first intro-
duced by Bourgain[ 4] to study the KdV and nonlinear

Schrödinger equations in the periodic case.I t was
simplified by Kenig , Ponce and Vega in Refs.[ 5 ,6] .
We follow their ideas to prove our results.

Hiro ta equation is a typical model of mathemat i-
cal phy sics , which encompasses the w ell-known non-
linear Schrödinger equation and the modified KdV e-
quation , and especially contains the nonlinear deriva-
tive Schrödinger equation

[ 7 ～ 9]
.Lots of w ork con-

cerns the local and global existence and uniqueness of

solutions of the equat ions.In Ref.[ 10] , Guo and

Tan obtained the global smoo th solution of the

Cauchy problem of (2)～ (3)by the energy method.
In Ref.[ 11] , Laurey obtained the local well-posed-

ness in H
s

s>
3
4

and global well-posedness in



H
s(s≥2 , s=1)fo r the Cauchy problem of (2)～
(3).Therefore , we only consider global w ell-posed-
ness of Cauchy problem of(2)～ (3)in H

s(1≤s≤2)
here.

In this paper , we w ill prove the local w ell-posed-

ness of Cauchy problem of (2)～ (3)in H
s
s≥

1
4

by the Fourier rest rict ion norm method.Moreover if
the ini tial data φ(x)∈ H

1
, then we can prove that

there exists a unique local solution to the Cauchy

problem of (2)～ (3) and its a prio ri est imates.
Therefore , we can extend the local solution to be

g lobal in H
1
.For ini tial data φ(x)∈ H

s
(1<s≤2)

 H
1
, f irst we can obtain that there exists a unique

local solution u ∈ C((0 , T 0);H
1), and the solution

satisfies ‖ u ‖H
1 ≤C by the energy inequality .Us-

ing the properties of the solution and the generaliza-
tion of trilinear estimates , we can prove that the

above solution belongs to C((0 , T 0);H
s
)(1<s ≤

2).In o rder to ex tend the solution of (2)～ (3)to
any t ime T >0 in H

s , we make the iteration scheme
as follow s:take u(T 0)as the ini tial data , and get
the local solution u ∈ C((T 0 , T 1);H

1).Similarly as
above , the solution is in C((T 0 , T 1);H

s)(1<s≤

2).In fact w e can continue the above process of
T
T 0

steps by a priori estimate ‖ u ‖H
1≤C.

Both of the equations have similar propert ies be-
cause Korteweg-de Vries-Benjamin-Ono equation and
Hirota equation have the dispersive term  

3
xu .There-

fore , we can solve them by the same method.

To study the above problem , we use the integral
equivalent formulations

u =S(t)φ-∫
t

0
S(t -t′)F(t′)d t′,

where S (t)=F
-1
x e

i t(βξ
3
-αξ ξ )

Fx or S (t)=

F
-1
x e

i t(αξ
2
+βξ

3
)
Fx are the uni tary operators associated

to the linear equations respectively.F (x , t)=
 x(u

2
)o r  x( u 

2
u).Fo r simplicity , denote  (ξ)

=βξ3-αξ ξ , or  (ξ)=αξ2+βξ3.

We introduce the notation of Bourgain' space.
For s , b ∈R , we define the space Xs , b as the com-

pletion of the Schw artz function space on R
2
with re-

spect to the norm

‖ u ‖X
s , b
=‖S(-t)u ‖H

s

x
H
b

t

=‖〈ξ〉s〈τ- (ξ)〉bFu ‖
L
2

ξ
L
2

τ

,

〈·〉 =(1+|·|).

Denote  u(τ, ξ)=Fu by the Fourier transform

in t and x of u and F(·)u by the Fourier transform

in the (·)variable.Let ψ∈C
∞
0 (R)with ψ=1 on

-
1
2
,
1
2

and suppψ [ -1 ,1] .ψδ(t)=ψ
t
δ
.

For the Korteweg-de V ries-Benjamin-Ono equa-
tion , we have the following theorems.

Theorem 1.Let -1
8
≤s , 1

2
<b <5

8
.Then

there exists a constant T >0 , Cauchy problem of(1)
～ (3)admits a unique local solution u(x , t)∈ C

((0 , T);Hs)∩ X s, b with φ∈ H
s.Moreover , given

t ∈(0 , T), the mapping φ※u(t)is Lipschitz con-
tinuous f rom H

s
to C((0 , T);H

s
).

The smooth solution of Cauchy problem of(1)～
(3)is proved to satisfy the L

2 conservation law , so is
the solution to the Cauchy problem of (1)～ (3)for
s≥0.Then w e have the global w ell-posedness of
Cauchy problem of (1)～ (3)for data in L

2.

Theorem 2.For s=0 , the solution obtained in
Theorem 1 can be extended for any T >0.

For the Hirota equation , we have

Theorem 3.Let s≥
1
4
,
1
2
<b<

5
8
.Then there

exists a constant T >0 , such that the Cauchy prob-
lem of (2)～ (3)admits a unique local solut ion u(x ,
t)∈C((0 , T);Hs)∩ Xs , b with φ∈ H

s.Moreover ,
given t ∈(0 , T), the map φ※u(t)is Lipschitz con-
tinuous f rom H

s to C((0 , T);Hs).

Theorem 4.Let s ≥1 , the Cauchy problem of

(2)～ (3)is global w ell-posed in H
s
w ith initial data

φ∈H
s
(s≥1).

Indeed , one can obtain local well-posedness of
Cauchy problems of(1)～ (3)and (2)～ (3)by the
Picard iteration method provided that

‖  x(u1u 2)‖X
s , b-1
≤C ‖ u1 ‖X

s, b
‖ u2 ‖X

s , b
,

(4)
‖ x(u 1u2 u 3)‖X

s ,b-1

　　≤C ‖ u1 ‖X
s , b
‖ u2 ‖X

s , b
‖ u3 ‖X

s , b
, (5)

hold for some b>1
2
.We only need to prove the mul-

ti-linear estimates (4)and (5)to obtain the local

well-posedness of Cauchy problems.Therefore , we
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need the following preliminary estimates.

2　Preliminary estimates

In this section , we shall deduce several esti-
mates.Let us use the no tations

P
N
f =∫|ξ|≥N

e
i xξ
 f(ξ)dξ,

PN f =∫|ξ|≤N
e
i xξ
 f(ξ)dξ,

‖ f ‖L
p

x
L
q

t

=∫
∞

-∞∫
∞

-∞
|f(x , t)|qd t

p
q

d x

1
p

,

‖ f ‖L
∞

t
H
s

x

=‖‖ f ‖H
s

x

‖L
∞

t

,

FFρ(ξ, τ)=
f(ξ, τ)

(1 +|τ- (ξ)|)ρ

a is a constant , which depends on α, β.

Lemma 1.[ 12] The g roup{S(t)}
+∞
-∞ satisfies

‖ S(t)φ‖L
8

x
L
8

t

≤‖φ‖L
2. (6)

Lemma 2.
‖D xS(t)P

2aφ‖
L
∞

x
L
2

t

≤‖φ‖L
2 , (7)

‖D
-
1
4

x S(t)P
a
φ‖L

4

x
L
∞

t

≤‖φ‖L
2 , (8)

‖D
1
6
xP

2a
S(t)φ‖L

6

x
L
6

t

≤‖φ‖L
2. (9)

Remark.In the proof of Lemma 2 , we int ro-
duce the operator PN to eliminate the nonzero singular

point of phase function  (ξ).We mainly refer to

Ref.[ 13] .

Lemma 3.If ρ>
1
2 ,  N>0

‖ PNFρ‖L
2

x
L
∞

t

≤C‖ f ‖
L
2

ξ
L
2

τ

.

Lemma 4.(i)If ρ>1
3
, then

‖Fρ‖L
4

x
L
4

t

≤C‖ f ‖
L
2

ξ
L
2

τ

.

(ii)If ρ>
2
9
, then

‖Fρ‖L
3

x
L
3

t

≤C‖ f ‖L
2

ξ
L
2

τ
.

Lemma 5.(i)Let ρ>
θ
2
wi th θ∈[ 0 ,1] .Then

‖D
θ
xP

2a
Fρ‖ L

2
1-θ
x

L
2

t

≤C‖ f ‖L
2

ξ
L
2

τ
.

(ii)Let ρ>
1
2
, then

‖D
-1
4

x P
2a
Fρ‖L

4

x
L
∞

t

≤C‖ f ‖L
2

ξ
L
2

τ

.

(iii)If ρ>
3
8
, then

‖D
1
8
xP

2a
Fρ‖L

4

x
L
4

t

≤C‖ f ‖ L
2

ξ
L
2

τ
.

Remark.We can obtain Lemmas 3 , 4 and 5 by
Lemmas 1 and 2.

Lemma 6.We assume that functions  f
—

,  f 1 ,
 f 2 ,  f 3 belong to schwartz space on R

2.

∫ξ=ξ
1
+ξ

2
+ξ

3
;τ=τ

1
+τ

2
+τ

3

 f
—

(ξ, τ) f 1(ξ1 , τ1)

　·  f 2(ξ2 , τ2) f 3(ξ3 , τ3)dδ

　　=∫f f 1 f 2 f 3(x , t)d xd t.
∫ξ=ξ

1
+ξ

2
;τ=τ

1
+τ

2

 f
—

(ξ, τ) f 1(ξ1 , τ1) f 2(ξ2 , τ2)dδ

　　=∫f
—

f 1 f 2(x , t)d xdt .

Lemma 7.Let s ∈R , 1
2
<b <b′<1 , 0<δ<

1.Then we have

‖ψδ(t)S(t)φ‖X
s , b
≤Cδ

1
2-b ‖φ‖

H
s ,

ψδ(t)∫
t

0
S(t -τ)F(τ)dτ

X
s , b

　　≤Cδ
1
2
-b
‖F ‖X

s , b-1
,

ψδ(t)∫
t

0
S(t -τ)F(τ)dτ

L
∞

t
H
s

x

　　≤Cδ
1
2-b ‖F ‖X

s , b-1
,

‖ψδ(t)F ‖X
s , b-1
≤Cδ

b′-b
‖F ‖X

s , b′-1
.

3　Local results

In this section , we will obtain(4)and(5), and
we have the following theorems.

Theorem 5.Let
1
2 <b be close enough to

1
2 .

For
1
2
<b′and s≥-

1
8
, we have

‖ x(u1 u2)‖X
s , b-1
≤C ‖ u1 ‖X

s , b′
‖ u2 ‖X

s , b′
.
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Theorem 6.If s ≥
1
4
,
1
2
<b <

5
8
, b′>

1
2
,

then

‖ x(u 1u2 u3)‖X
s, b-1

　　≤C ‖ u1 ‖X
s ,b′
‖ u2 ‖X

s, b′
‖u 3 ‖X

s , b′
.

Remark.In the proof of Theo rems 5 and 6 , we
int roduce the operator P

N
, choose appropriate N , we

have

‖D xS(t)P
Nφ‖ L

∞

x
L
2

t

≤C ‖φ‖L
2 ,

‖S(t)PNφ‖
L
4

x
L
∞

t

≤C ‖φ‖
H

1
4 ,

which are called g lobal and local smoothing ef fects of

dispersive equations respectively.Therefore , we w ill
divide the Bourgain' space into tw o parts( ξ ≤N

and ξ ≥N).We use the above global and local
smoothing ef fects to prove the result in ξ ≥N part

(we mainly use Lemma 5 to prove it), use Strichartz
estimate to prove it in ξ ≤N part (we mainly use
Lemmas 3 and 4 to prove it).

Nex t , we give the outline proofs of Theorems 1
and 3.Fo r φ∈ H

s
we define the operator

Υ(u)=ψ1(t)S(t)φ

-ψ1(t)∫
t

0
S(t -t′)ψδ(t′)F(t′)d t′,

and the set

B={u ∈ X s , b∶‖ u ‖X
s , b
≤C ‖φ‖H

s}.

In order to show that Υis a contraction mapping
on B, we f irst prove

Υ(B) B.

We first consider linear estimates(Lemma 7)

‖ψδ(t)S(t)φ‖X
s, b
≤Cδ

1
2
-b
‖φ‖H

s ,

ψδ(t)∫
t

0
S(t -t′)F(t′)dt′

X
s , b

　　≤Cδ
1
2-b ‖F ‖X

s , b-1
,

ψδ(t)∫
t

0
S(t -t′)F(t′)d t′

L
∞

t
H
s

x

　　 ≤Cδ
1
2-b ‖F ‖X

s ,b-1
.

Nex t , we consider nonlinear estimates (Theo-
rems 5 and 6).

For the Kortew eg-de Vries-Benjamin-Ono equa-
tion , we have

‖ Υ(u)‖X
s , b
≤C‖φ‖H

s+Cδ
b′-b
‖u ‖

2
X
s , b

　　≤C‖φ‖H
s+Cδ

b′-b
‖φ‖H

s ‖u ‖X
s , b
.

Therefore , if f ix δsuch that Cδ
(b′-b)

‖φ‖H
s≤1

2
,

then w e have

Υ(B) B.
Let u , v ∈B, in an analogous way to above , we ob-
tain

‖ Υ(u)-Υ(v)‖X
s, b
≤
1
2 ‖ u -v ‖X

s , b
.

Therefore , Υ is a contraction mapping on B.
There exists a unique fixed point w hich solves the

Cauchy problem for T <δ.

For the Hirota equation , we have

‖Υ(u)‖X
s , b
≤C‖φ‖H

s+Cδ
b′-b
‖u ‖

3
X
s, b

≤C‖φ‖H
s+Cδ

b′-b
‖φ‖

2
H
s‖ u‖X

s , b
,

therefore , if we fix δsuch that Cδb′-b ‖ φ‖
2
H
s≤

1
2
,

then

Υ(B) B.
Similarly w ith the Korteweg-de Vries-Benjamin-Ono
equat ion , Υis a contraction mapping on B.There
exists a unique f ixed point which solves the Cauchy

problem for T <δ.

4　Global solution in Hs(1≤s≤2)of the Hi-
rota equation

In this section , we have the follow ing general-
ization of the t rilinear estimate of the Hiro ta equa-
tion.

Lemma 8.Let s ≥0 , 1
2
<b ≤ 2

3
, b′> 1

2
.

Then we have

‖ u1u2 x( u 3)‖X
s , b-1

　　≤C ‖ u1 ‖X
s
1
, b′
‖ u2 ‖X

s
2
, b′
‖u 3 ‖X

s
3
, b′
,

(10)
‖ u1 u2 x(u 3)‖X

s , b-1

　　≤C ‖ u1 ‖X
s
1
, b′
‖ u2 ‖X

s
2
, b′
‖u 3 ‖X

s
3
, b′
,

(11)
where w e choose non-negative dif ferent numbers

(s1 , s2 , s3)to sat isfy the following cases:

s1 +s3 ≥2b -1 , 　s2 +s3 ≥2b -1 , (12)
s -s2 ≤1 , 　s -s1 ≤1 , (13)

1 +s1 ≥s , 　1+s2 ≥ s , (14)
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s1 +s3 ≥
2
3
, 　s2 +s3 ≥

2
3
, (15)

s = s3 , (16)

s -min{1-b , s2}≤ s1 +s3 +1 -2b , (17)
1-min{1 -b , s2}-s3 ≤ s1 -s +2(1-b).

(18)

In fact , we choose 1≤s=s3≤2 , 1≤s1 , s2≤2 ,
then(10)and(11)hold.

Lemma 9.If ini tial data φ∈ H
1 , then Cauchy

problem of(2)～ (3)is local well-posed.Moreover ,
the solut ion u satisfies ‖u ‖H

1 ≤C.

Remark.We use generalization of the trilinear
estimate to make the local solution u of the Cauchy

problem of(2)～(3)global in H
s(1<s≤2)for data

in H
s by energy inequali ty of solution u in H

1.
Therefore, we can obtain the solution u ∈ C((0 ,
∞);Hs)for initial data φ∈Hs(1≤s≤2).
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